In this paper, we apply the particle method to solve the numerical solution of a family of non-linear Evolutionary Partial Differential Equations. It is called b-equation because of its bi-Hamiltonian structure. We introduce the particle method as an approximation of these equations in Lagrangian representation for simulating collisions between wave fronts. Several numerical examples will be set to illustrate the feasibility of the particle method.
Introduction
In the past decades, the particle method has become one of the most important techniques to solve the particle differential equation (PDEs). Most researches have focused on the development of the application on the mathematics and physical fields [1] [2] . In these methods, a solution of a given equation is represented by a collection of particles, which are located in points i x and carry masses i p . Equation of evolution in time is written to describe the dynamics of the location of the particles and these weights. Because of the Lagrangian dynamic for the method, small scale that might develop in a solution can be easily described with a relatively small number of particles. In our work, we present the particle method for approximating solution of our equations. Now we investigate the Cauchy problems of the b-equation in one-dimensional cases. The velocity function ( ) , u x t can also be expressed as a convolution of ( ) , m x t with the kernel
It is well-known that the Equation (2) 
with initial data ( )
,0
The solution is then found by following the time evolution of the locations and the weights of these particles according to a system of ODEs obtained by considering a weak formulation of the problem. In this paper, we take
where, α is the length scale of kernel and ( ) − ∂ = with δ representing the Dirac δ distribution. The purpose of this paper is to present the particle method in Lagrangian representation for simulating collisions and to study of the dynamic of N points governed by the equation. Several numerical examples will be set to illustrate the feasibility of the particle method.
Besides above, we present a brief overview of the particle method and some of its main properties which are necessary for the study of numerical collisions among peakon solutions in Section 2. Then, we apply lots of numerical examples to verify our particle method in Section 3. According to the numerical results, a conclusion is given in the last section.
Description of the Particle Method for the b-Equation
In this section, we consider the b-equation (1). As mentioned above, Equation (1) coincides with the dispersionless C-H equation in [3] and D-P equation in [4] . It was first derived by using asymptotic expansions directly in the Hamiltonian for Euler's equations in the shallow water regime. The equation is completely integrable and possesses solitary solutions [5] . We briefly describe a particle method for the equation. For the specific description on the particle method for Equation (1), we refer the reader to [1] [2] [6] . We begin with searching for a weak solution in the form of a linear collection of Dirac delta distributions. In particular, we look for a solution of the form, ( )
.
Here, ( ) i x t and ( ) i p t represent the location of the i-th particle and its weight, and N denote the total number of particles. The solution is then found by following the time evolution of the locations and the weights of the particles according to the following system of ODEs, ( )
x t t t p t u x t t p t t
Here,
The velocity u in Equation (5) 
for the 1-D Helmholtz operator that relates m and u . Consequently, the velocity and its derivative corresponding to the solution (5) are given by , we have that
where ( ) p t have to be determined numerically and the system (8) -(9) must be integrated by an appropriate ODE solver. For our numerical experiments, we consider a strong-stability preserving Runge-Kutta method to solve the ODEs.
Obviously we can obtain the solution
h h u x t m x t , the numerical approximation of
Furthermore, if the initial data assumes the form of a peakon, then the peakon solution generated is exact. Then any errors emanate solely from the ODE solver.
Properties of the Particle System
Now, we present some general properties of the particle system which are pertinent to our paper to research on the investigation of collisions of peakons.
• One can verify that the function • Another important conservation law is that the total momentum of the particle system is conserved as follows ( )
• Finally, if the initial moment given in Equation (5)  , and for all t . This important property was proved in [7] by using a Lax-Pair formulation. It can also be proved by using a conservation law,
as it has been in [6] .
Numerical Example
In this section, we present several numerical simulations of application of the particle method to the numerical solution of Equation (1). These examples below test the method on a travelling wave solution for the dispersive case 1 b ≠ . We aim to illustrate the efficiency and the particle method.
Smooth Travelling Wave Solution 1 b ≠
An explicit exact solution of Equation (1) 
With the initial condition, we compare the numerical solution computed by the particle method with the exact travelling wave solution to illustrate the order of convergence of the method. We remark that a fixed ratio 1 t h b ∆ = (step-size 0 h > ) is used for all calculations throughout this paper. This fixed ratio is for the purpose of numerical convergence tests. We chose the temporal discretization to be compliant with the choice of h used in the Riemann sum for the ODE system (6) . Based on our experiments, we found that 1 t h b ∆ = would suffice for all simulations in this paper to prevent the onset of numerical instability. For the travelling wave simulation we take the constant 2, 3 b = The time integration proceeds through an explicit fourth-order R-K method. As indicated in Equation (8) , using the i x and i p obtained from the ODE system, the numerical solution for the PDE is then set on the physical domain. We study the numerical error between exact and computed solutions with 2 l -norm ( ) 
where x ∆ is the grid size for the mesh on the physical domain, defined as x L N ∆ = , with L the length of the physical domain and N is the number of grid points. This x ∆ is independent of the increment h used in the Riemann sum for the ODE system, which is defined as h L N = In the mesh-refinement study, for a fixed domain, we vary the size of h , hence conventionally we choose x ∆ to be the same size as h so that for simplicity the number of grid points is the same as the number of particles.
Example 1: Figure 1 is Table 2 . As the two tables show, the particle method is second-order accurate in space, consistently with our theory. 
Conclusion
In this paper, we established the mathematical theory of the Lagrangian dynamics for the b-equation with a special choice of the convolution kernel G and under a suitable class of initial data. To a numerical implementation of the method, it can be approximated by uniformly distributing particles. In the end, we obtained the numerical solution though examples and specific data.
